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Abstract
Let A be a finite dimensional algebra over an algebraically closed field
k. Let T be a tilting A-module and B “ EndA T be the endomorphism
algebra of T . In this paper, we consider the correspondence between the
tilting A-modules and the tilting B-modules, and we prove that there is a
one-one correspondence between the basic T -tilting A-modules in TK and
the basic tilting B-modules in KpDBT q. Moreover, we show that there is
a one-one correspondence between the T -contravariantly finite T -resolving
subcategories of TK and the basic T -tilting A-modules contained in TK. As
an application, we show that there is a one-one correspondence between the
basic tilting A-modules in TK and the basic tilting B-modules in KpDBT q if A
is a 1-Gorenstein algebra or a m-replicated algebra over a finite dimensional
hereditary algebra.
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1 Introduction
Let A be a finite-dimensional algebra over an algebraically closed field k. We
denote by mod-A the category of all finitely generated right A-modules, and we
always assume that subcategories of A-modules are closed under isomorphisms and
direct summands.
Let M be a subcategory of mod-A. We denote by xM the subcategory of mod-A
consisting of the A-modules L such that there is an exact sequence 0 Ñ Mn Ñ
Mn´1 ¨ ¨ ¨ Ñ M1 Ñ M0 Ñ L Ñ 0 with Mi P M, and we define dimxMpLq is the
minimal n such that there exists an exact sequence 0Ñ Mn Ñ Mn´1 ¨ ¨ ¨ Ñ M1 Ñ
M0 Ñ LÑ 0 with Mi PM. Dually, we can define |M and dim|MpLq.
For any 0 ă i ă 8, the following definition is taken from [6], MKi “ tX P
mod-A | ExtiApM,Xq “ 0, @M P Mu, the right orthogonal category of M is
MK “
Ş
0ăiă8
MKi “ tX P mod-A | ExtiApM,Xq “ 0, @M P M, @i ą 0 u. Dually,
KiM “ tX P mod-A | ExtiApX,Mq “ 0, @M P Mu, the left orthogonal category of
M is KM “
Ş
0ăiă8
KiM “ tX P mod-A | ExtiApX,Mq “ 0, @i ą 0, @M P Mu. In
particular, when M “ addM , we just denote them by MKi ,MK,Ki M, KM respec-
tively.
Let T be a tilting A-module. Denote by YT the subcategory of mod-A whose
objects are the A-modules Y in TK for which there is an exact sequence
¨ ¨ ¨
fmÝÑ Tm
fm´1
ÝÝÝÑ Tm´1
fm´2
ÝÝÝÑ ¨ ¨ ¨
f1ÝÑ T1
f0ÝÑ T0 ÝÑ Y ÝÑ 0
with Ti in add T and Kerfi in T
K. According to [1], we know that TK “ YT .
Let M be an A-module in YT . We denote by dim{addT pMq ( T -pd M for
short) the T -projective dimension of M , and if M P add T , then M is said to
be T-projective. It follows that the subcategory T ă8pT q “{add T consists of all
A-modules with finite T -projective dimensions. It is easy to see that T ă8pT q is
the subcategory of TK. In particular, if T “ A, we have T ă8pT q “ Pă8pmod-Aq.
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Tilting theory is a central topic in the representation theory of algebras, which
has two aspects. One is the external aspect, which is usually used to compare mod-
A to mod-EndAT for a tilting A-module T , and the other is the internal aspect,
which is to study the structure properties of tilting modules for a fixed algebra A.
Let T be a tilting A-module and B “ EndA T . Recall from [13], Miyashita
proved some correspondence between the orthogonal subcategories of mod-A and
mod-B. In [1], Auslander and Reiten have proved that there is a one-one correspon-
dence between the basic tilting A-modules and the contravariantly finite resolving
subcategories of mod-A. However, the relationship between the tilting A-modules
and the tilting B-modules is little known. In this paper, we focus on the investi-
gation on the tilting modules in the orthogonal subcategories and show that there
exists a one-one correspondence between the basic T -tilting A-modules (defined in
next section) in TK and basic tilting B-modules in KpDBT q. As an application,
we will prove that there is a one-one correspondence between the basic tilting A-
modules in TK and the basic tilting B-modules in KpDBT q if A is a 1-Gorenstein
algebra or a m-replicated algebra over a finite dimensional hereditary algebra.
Now, we state our main results in this paper.
Theorem 1 Let T be a tilting A-module and B “ EndApT q. Then HomApT,´q
and ´bBT give a one-one correspondence between isomorphism classes of basic T -
tilting A-modules in TK and of basic tilting B-modules in the subcategory KpDBT q
of mod-B.
We should mention that it is not sure whether a T -tilting A-module is tilting,
but for 1-Gorenstein algebras and m-replicated algebras over a finite dimensional
hereditary algebras, this is true.
Theorem 2 Let A be a 1-Gorenstein algebra or a m-replicated algebra over
a finite dimensional hereditary algebra, and let T be a tilting A-module and B “
EndApT q. Then there is a one-one correspondence between the isomorphism classes
of basic tilting A-modules in TK and of basic tilting B-modules in the subcategory
KpDBT q of mod-B.
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In general, a T -tilting A-module is partial tilting. Moreover,we have
Theorem 3 Let T be a tilting A-module and B “ EndApT q. Then HomApT,´q
and ´bB T give a one-one correspondence between basic partial tilting A-modules
in TK and basic partial tilting B-modules in KpDBT q.
The conceptions of contravariantly and covariantly finite subcategories of modA
were introduced in [3, 4] by Auslander and Smalφ when they studied the problem of
which subcategories of mod-A have almost split sequence. These conceptions have
close relationships with tilting modules and cotilting modules, see [1] for details.
Let C be a full subcategory of mod-A, CM P C and ϕ : CM ÝÑ M with
M P A-mod. The morphism ϕ is a right C-approximation of M if the induced
morphism HomApC,CMq ÝÑ HomApC,Mq is surjective for any C P C. A minimal
right C-approximation ofM is a right C-approximation which is also a right minimal
morphism, i.e., its restriction to any nonzero summand is nonzero. The subcategory
C is called contravariantly finite if any moduleM P A-mod admits a (minimal) right
C-approximation. The notions of (minimal) left C-approximation and of covariantly
finite subcategory are dually defined. It is well known that add M is both a
contravariantly finite subcategory and a covariantly finite subcategory.
Let X be a subcategory of mod-A. X is said to be a resolving (resp. coresolving)
subcategory if it is closed under extensions, the kernels of epimorphisms (resp. the
cokernels of monomorphisms) and contains all indecomposable projective (resp.
injective) A-modules. Auslander and Reiten have proved in [1] that there is a one-
one correspondence between the basic tilting A-modules and the contravariantly
finite resolving subcategories of mod-A.
In this paper, we generalize these kinds of correspondences, and show some one-
one correspondence between the T -contravariantly finite T -resolving subcategories
of TK and T -tilting A-modules contained in TK.
Theorem 4 Let T be a tilting A-module and B “ EndAT . Then there is a one-
one correspondence between the T -resolving T -contravariantly finite subcategories
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of TK and the contravariantly finite resolving subcategories in KpDBT q.
Let T be a tilting A-module, and let L and L
1
be T -tilting modules. We say L
and L
1
are equivalent if addL “ addL
1
.
Theorem 5 Let T be a tilting A-module. Then for any L P TK, addL Ñ
}addL X TK and U Ñ U X UK give a one-one correspondence between equivalence
class of basic T -tilting A-modules in TK and the T -contravariantly finite T -resolving
subcategories U of TK which is contained in T ă8pT q.
For some special kinds of algebras, we have the following result, which seems
to have independent interests.
Theorem 6 Let A be either a 1-Gorenstein algebra or a m-replicated algebra
over a hereditary algebra, and T be a tilting A-module. Then there is a one-one
correspondence between the equivalence classes of basic tilting A-modules in TK and
the T -contravariantly finite T -resolving subcategories contained in T ă8pT q.
This paper is arranged as the following. In section 2, we fix the notations and
recall some necessary facts needed for our further research. Section 3 is devoted
to the proof of Theorem 1, Theorem 2 and Theorem 3. In section 4, we prove
Theorem 4, Theorem 5 and Theorem 6.
2 Preliminary
Let A be a finite dimensional algebra over an algebraically closed field k. We
denote by mod-A the category of all finitely generated right A-modules and by
ind-A the full subcategory of mod-A containing exactly one representative of each
isomorphism class of indecomposable A-modules. D “ Homkp´, kq is the standard
duality between A-mod and Aop-mod, and τA is the Auslander-Reiten translation
of A. We denote by gl.dim A the global dimension of A. The Auslander-Reiten
quiver of A is denoted by ΓA.
Given an A-module M , we denote by pdM the projective dimension of M and
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by add M the full subcategory having as objects the direct sums of indecompos-
able summands of M . For a subcategory M of mod-A, we denote by addM the
subcategory of mod-A consisting of all direct summand of finitely indecomposable
modules in M.
Given any module M P A-mod, we may decompose M as M – ‘mi“1M
di
i , where
each Mi is indecomposable, di ą 0 for each i, and Mi is not isomorphic to Mj if
i ‰ j. The module M is called basic if di “ 1 for any i. The number of non-
isomorphic indecomposable modules occurring in the direct sum decomposition
above is uniquely determined and it is denoted by δpMq.
An A-module T in mod-A is called a (generalized) tilting module if the following
conditions are satisfied:
(1) pdT “ n ă 8;
(2) ExtiApT, T q “ 0 for all i ą 0;
(3) There is a long exact sequence
0 ÝÑ A ÝÑ T0 ÝÑ T1 ÝÑ ¨ ¨ ¨ ÝÑ Tn ÝÑ 0
with Ti P add T for 0 ď i ď n.
An A-module M satisfying the conditions p1q and p2q of the definition above
is called a partial tilting module. Let M be a partial tilting module and X be an
A-module such that M ‘X is a tilting module and addM X addX “ 0. Then X
will be called a complement to M .
It is well known that in the classical situation M always admits a complement
andM is a tilting module if and only if δpMq “ δpAq. However, in general situations
complements do not always exist, as shown in [15]. Moreover it is an important
open problem whether δpMq “ δpAq is sufficient for a partial tilting module M to
be a tilting module.
Definition 2.1 Let U Ď V Ď modA. Then we have:
(1) If for any V P V, there is a right U-approximation of V, then we call U is
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contravariantly finite in V.
(2) If for any V P V, there is a left U-approximation of V, then we call U is
covariantly finite in V.
(3) If U are both contravariantly finite and covariantly finite in V, we call U is
functorially finite in V.
Let T be a tilting A-module. If a subcategory U of TK is contravariantly finite
in TK, then U is said to be T -contravariantly finite. Now, we define T -resolving
subcategory as following.
Definition 2.2 Let U Ď TK. Then U is said to be a T -resolving subcategory, if
it satisfies the following conditions:
(1) U is closed under extensions;
(2) U is closed under the kernels of epimorphisms in TK, i.e., for a short exact
sequence 0Ñ U1 Ñ U2 Ñ U3 Ñ 0 in T
K, if U2, U3 P U , then U2 P U .
(3) addT Ď U .
We can define T -coresolving subcategory similarly.
Lemma 2.1 Let U , V and W be subcategories of mod-A with U Ď V Ď W.
Then we have:
(1) If U is contravariantly finite in V and V is contravariantly finite in W,
then U is contravariantly finite in W.
(2) If U is covariantly finite in V and V is covariantly finite in W, then U is
covariantly finite in W.
Lemma 2.2 [1, Proposition 3.7] Let U be a resolving subcategory. Then:
(1) The subcategory of all modules that have right U-approximation is closed
under extensions.
(2) U is contravariantly finite in modA if and only if all simple right A modules
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have right U-approximations.
Let T be a tilting module in mod-A, we now define a special partial tilting
module, called T -tilting module.
Defination 2.3 Let T be a tilting module in mod-A and L P TK. L is said to
be a T-tilting module if it satisfies the following conditions:
(1) T-pd L “ n ă 8;
(2) ExtiApL, Lq “ 0 for 0 ă i ă 8;
(3) There exists an exact sequence 0 Ñ T Ñ L0 Ñ L1 ¨ ¨ ¨ Ñ Lm Ñ 0 with
Li P add L.
Example Let A “ kQ be the path algebra of Q with Q : 1Ñ 2Ñ 3. The AR
quiver ΓA of A is:
p1, 1, 1q
##❋
❋❋
❋❋
❋❋
❋
p0, 1, 1q
;;①①①①①①①①
##●
●●
●●
●●
●
p1, 1, 0q
##❋
❋❋
❋❋
❋❋
❋
p0, 0, 1q
;;①①①①①①①①
p0, 1, 0q
;;✇✇✇✇✇✇✇✇
p1, 0, 0q
We denote by P1 “ p1, 1, 1q, P2 “ p0, 1, 1q, T1 “ p1, 1, 0q and T2 “ p0, 1, 0q. Then
T “ P1 ‘ P2 ‘ T2 is a tilting A-module. Let T
1
“ P1 ‘ T1 ‘ T2. Then we have an
exact sequence 0 Ñ T Ñ P1 ‘ P1 ‘ T2 ‘ T2 Ñ T1 Ñ 0, P1 ‘ P1 ‘ T2 ‘ T2 P addT
1
,
and T
1
is a T-tilting module.
Obviously, the T -tilting module in the above example is a tilting module, in par-
ticular, T -tilting modules over hereditary algebras are tilting modules. In general,
all T-tilting modules are partial tilting modules.
Proposition 2.3 Let T be a tilting A-module and L be a T -tilting A-module,
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then L is a partial tilting A-module.
Proof Note that ExtiApL, Lq “ 0 for i ą 0 since L is a T -tilting module. We
only need to show pdAL ă 8.
Since T -pdL “ m ă 8, there is an exact sequence 0 Ñ Tm
fm
ÝÑ Tm´1 ¨ ¨ ¨
f1ÝÑ
T0
f0ÝÑ L ÝÑ 0 with Ti P addT .
Let Ci “ cokernelpfiq. Then L “ C1, and we have following exact sequence:
0 ÝÑ Tm ÝÑ Tm´1 ÝÑ Cm ÝÑ 0
0 ÝÑ Ci`1 ÝÑ Ti´1 ÝÑ Ci ÝÑ 0p0 ă i ă mq.
T is a tilting module, hence pdAT ď n ă 8, and so we get pdACm ď n ` 1,
pdACm´1 ď n ` 2, . . ., pdAL “ pdAC1 ď n `m ă 8. Hence L is a partial tilting
A-module. l
The following lemmas are well known and useful in our research.
Lemma 2.4 [1, Proposition 3.4 (c)] Let T be a tilting module in mod-A. Then
for any M P TK, there is an exact sequence 0Ñ K Ñ T
1
ÑM Ñ 0 with T
1
P addT
and K P TK.
Remark. Let T be a tilting A-module. For any M P TK, there exists a long
exact sequence ¨ ¨ ¨ Ñ T2 Ñ T1 Ñ T0 Ñ M Ñ 0 with Ti P addT .
Lemma 2.5 [13, Proposition 1.20] Let T be a tilting A-module. Then for any
M,N P TK, we have:
(1) HomBpHomApT,Mq,HomApT,Nqq – HomApM,Nq.
(2) ExtjBpHomApT,Mq,HomApT,Nqq – Ext
j
ApM,Nq, 0 ă j ă 8.
Lemma 2.6 [13, Theorem 1.16] Let T be a tilting A-module and B “ EndApT q.
Then HomApT,´q and ´bBT give a one-one correspondence between the indecom-
posable modules in the subcategory TK of mod-A and the indecomposable modules
in the subcategory KpDBT q of mod-B.
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According to [1], we know that there is close relationship between tilting mod-
ules and contravariantly finite (or covariantly finite) subcategories. Two tilting
A-modules T and T 1 are said to be equivalent if addT “ addT
1
. The following
lemma is taken from [1].
Lemma 2.7 [1, Theorem 5.5] Let T be an A-module. Then we have:
(1) T Ñ TK gives a one-one correspondence between equivalence class of basic
tilting A-modules and covariantly finite coresolving subcategories Y with qY “ mod-
A, and the inverse correspondence is given by Y Ñ KY X Y.
(2) T Ñ ~addT gives a one-one correspondence between equivalence class of
basic tilting modules and contravariantly finite resolving subcategories X with X Ď
Pă8pmodAq, and the inverse correspondence is given by X Ñ X X XK.
(3) T Ñ KT gives a one-one correspondence between equivalence class of basic
cotilting modules and contravariantly finite resolving subcategories X with pX “
mod-A, and the inverse correspondence is given by X Ñ X X XK.
(4) T Ñ zaddT gives a one-one correspondence between equivalence class of
basic cotilting modules and covariantly finite coresolving subcategories Y with Y Ď
Iă8pmodAq “ tM P mod-A | idAM ă 8u, and the inverse correspondence is given
by Y Ñ Y X YK.
Throughout this paper, we follow the standard terminology and notation used
in the representation theory of algebras, see [2, 5]
3 T -tilting modules
Let T be a tilting A-module and B “ EndApT q. According to Lemma 2.6,
HomApT,´q and ´bB T induce a one-one correspondence between the modules in
TK and the modules in KpDBT q. In this section, we shall show that there exists
a one-one correspondence between the basic T -tilting A-modules in TK and the
basic tilting B-modules in KpDBT q. Moreover, HomApT,´q and ´ bB T also give
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a one-one correspondence between the basic partial tilting A-modules in TK and
the basic partial tilting B-modules in KpDBT q.
Lemma 3.1 Let T be a tilting A-module and B “ EndApT q. Let M P T
K.
Then T-pdM ă 8 if and only if pdBpHomApT,Mqq ă 8. In fact, we have T-
pdM “ pdBHomApT,Mq.
Proof LetM P TK and T-pdM “ k ă 8. Then there is a long exact sequence:
0Ñ Tk
fkÝÑ Tk´1 ¨ ¨ ¨
f1ÝÑ T0
f0ÝÑM Ñ 0,
with Ti P addT Ď T
K and Ci “ cokernelpfiq P T
K. Applying HomApT,´q yields an
exact sequence:
0Ñ HomApT, Tkq Ñ HomApT, Tk´1q ¨ ¨ ¨ Ñ HomApT, T0q Ñ HomApT,Mq Ñ 0.
Note that Ti P addT,HomApT, T q “ B, hence HomApT, Tiq are projective B-
modules, and pdBpHomApT,Mqq ď k ă 8.
On the other hand, we assume that pdBpHomApT,Mqq “ k ă 8. Then there
is a projective resolution of HomApT,Mq in mod-B:
p˚q 0Ñ Pk
gkÝÑ Pk´1 ¨ ¨ ¨
g1ÝÑ P0
g0ÝÑ HomApT,Mq Ñ 0, Pi P addB.
Note that HomApT,Mq P
KpDBT q, and Ki “ ker gi P
K pDBT q. Hence we have
DTorB
1
pKi,B T q – Ext
1
BpKi,
KpDBT qq “ 0.
Applying ´bB T to p˚q yields an exact sequence:
0Ñ Pk b BT Ñ Pk´1 b BT ¨ ¨ ¨ Ñ P0 b BT Ñ HomApT,Mq b BT Ñ 0.
Since Pi bB T PaddT and HomApT,Mq bB T –M , we have T -pdM ď k ă 8.
Following from the above proof, we obtain that T -pdM is infinite if and only if
pdBpHomApT,Mqq is infinite. The proof is completed. l
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Let T be a tilting A-module and B “ EndApT q. According to Lemma 2.6,
HomApT,´q and ´bB T give a one-one correspondence between A-modules in T
K
and B-modules in KpDBT q. Moreover, we shall show that they also induce a one-
one correspondence between T -tilting A-modules in TK and tilting B-modules in
the subcategory KpDBT q of mod-B.
Theorem 3.2 Let T be a tilting A-module and B “ EndApT q. Then HomApT,´q
and ´bBT give a one-one correspondence between isomorphism classes of basic T -
tilting A-modules in TK and of basic tilting B-modules in the subcategory KpDBT q
of mod-B.
Proof Let L P TK be a basic T -tilting A-module. According to Lemma 2.6,
HomApT, Lq is a basic B-module belonging to
KpDBT q. By using Lemma 3.1, we
know that
pdBpHomApT, Lqq “ T ´ pdL ă 8.
By Lemma 2.5(2), we know that ExtjBpHomApT, Lq,HomApT, Lqq – Ext
j
ApL, Lq “
0, for all j ą 0. Since L is a T -tilting A-module, we have an exact sequence
0Ñ T Ñ L0 Ñ L1 ¨ ¨ ¨ Ñ Lm Ñ 0 with Li P add L.
Applying the functor HomApT,´q yields an exact sequence
0Ñ HomApT, T q Ñ HomApT, L0q Ñ HomApT, L1q ¨ ¨ ¨ Ñ HomApT, Lmq Ñ 0.
It follows that HomApT, Lq is a tilting B-module in
KpDBT q.
On the other hand, let M P KpDBT q be a basic tilting B-module. Then M bB
T P TK and there exists an A-module L P TK such that M “ HomApT, Lq by using
Lemma 2.6.
Let pd M “ m ă 8. Then there exists a minimal projective resolution of M
0Ñ Pm Ñ ¨ ¨ ¨ Ñ P1 Ñ P0 Ñ M Ñ 0
with Pi “ HomApT, Tiq for some Ti P add T . Note that Tor
B
i pM,T q “ 0 since
DTorBi pM,T q » Ext
i
BpM,DT q “ 0 for all i ą 0. Applying the functor ´ bB T to
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the above sequence yields an exact sequence
0Ñ Tm Ñ ¨ ¨ ¨ Ñ T1 Ñ T0 Ñ LÑ 0.
That is T ´ pd L ď m.
According to Lemma 2.5 (2), ExtiApL, Lq » Ext
i
BpHomApT, Lq,HomApT, Lq “ 0.
Finally, since we have an exact sequence
0Ñ B ÑM1 ÑM2 ¨ ¨ ¨ Ñ Ms Ñ 0
with Mi P add M and Tor
B
i pM,T q “ 0, applying the functor ´ bB T yields an
exact sequence
0Ñ T Ñ L1 Ñ L2 ¨ ¨ ¨ Ñ Ls Ñ 0,
which means that M bB T “ L is a T -tilting A-module. The proof is completed.
l
Remark Let T be a tilting A-module and B “ EndApT q. Let L be a basic
T -tilting A-module in TK. It follows that the number of indecomposable direct
summands of L is equal to the number of simple A-modules. According to Propo-
sition 2.3, we know that L is also a partial tilting A-module. In general, we are not
sure whether a T -tilting A-module in TK is a tilting A-module. However, we have
the following corollary.
Corollary 3.3 Let T be a tilting A-module and B “ EndApT q. Then a T -tilting
A-module is also a tilting A-module, if A is one of the following kinds of algebras:
(1) A is a 1-Gorenstein algebra.
(2) A is a m-replicated algebra over a finite dimensional hereditary algebra.
Proof One can easily see that if every partial tilting A-module M with
δpMq “ δpAq is tilting, then every T -tilting A-module is also a tilting A-module.
(1) If A is a 1-Gorenstein algebra, then every partial tilting A-module M has
projective dimension at most 1.
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(2) If A is a m-replicated algebra over a finite dimensional hereditary algebra,
then according to Theorem 3.1 in [17], every partial tilting A-module M with
δpMq “ δpAq is tilting. l
Lemma 3.4 Let T be a tilting A-module and M P TK. Then pdApMq ă 8 if
and only if T-pd M ă 8.
Proof Note that M P TK. If T-pdM ă 8, then by Lemma 2.3, we have
pdApMq ă 8.
On the other hand, assume that pdApMq “ n ă 8.According to Lemma 2.4,
M P TK implies that there exists an exact sequence:
0Ñ Kn Ñ Tn
fkÝÑ Tn´1 ¨ ¨ ¨
f1ÝÑ T0
f0ÝÑM Ñ 0, Ti P addT Ď T
K
with Ki “ kerfi P T
Kp0 ď i ď nq. It follows that
Ext1ApKn´1, Knq » Ext
2
ApKn´2, Knq » ¨ ¨ ¨ » Ext
n
ApK0, Knq » Ext
n`1
A pM,Knq “ 0
since pdApMq “ n. Hence the short exact sequence 0 Ñ Kn Ñ Tn Ñ Kn´1 Ñ 0
splits, and Kn´1 is a direct summand of Tn, thus T-pdM ď n ă 8. The proof is
completed. l
By using Corollary 3.3 and Lemma 3.4,we have
Theorem 3.5 Let A be a 1-Gorenstein algebra or a m-replicated algebra over
a finite dimensional hereditary algebra, and let T be a tilting A-module and B “
EndApT q. Then there is a one-one correspondence between the isomorphism classes
of basic tilting A-modules in TK and of basic tilting B-modules in the subcategory
KpDBT q of modB.
Proof We only need to show that T -tilting A-module coincide with tilting A-
module in TK. If L P TK is a T -tilting A-module, then L is a tilting A-module by
using Corollary 3.3.
Conversely, assume that L P TK is a tilting A-module. By Lemma 3.4, T-
pdL ă 8 since pdAL ă 8, and Ext
i
ApL, Lq “ 0 for all i ą 0. Note that whether
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A is a 1-Gorenstein algebra or a m-replicated algebra, a tilting A-module also is
a cotilting module, by using Theorem 5.4 in [1], we know that there is an exact
sequence
0Ñ T ÝÑ L0
f0ÝÑ L1
f1ÝÑ L2 ¨ ¨ ¨
fnÝÑ Ln Ñ 0,with Li P addT Ď T
K.
Thus L is a T -tilting A-module. The proof is completed. l
In general, we have the following correspondence between partial tilting A-
modules in TK and partial tilting B-modules in KpDBT q.
Theorem 3.6 Let T be a tilting A-module and B “ EndApT q. Then HomApT,´q
and ´bB T give a one-one correspondence between basic partial tilting A-modules
in TK and basic partial tilting B-modules in KpDBT q.
Proof According to Lemma 2.6, HomApT,´q and ´ bB T give a one-one cor-
respondence between basic A-modules in TK and basic B-modules in KpDBT q. By
Lemma 2.5(2), for every A-module M in TK, we know that ExtiApM,Mq “ 0p0 ă
i ă 8q if and only if ExtiBpHomApT,Mq,HomApT,Mqq “ 0p0 ă i ă 8q. By using
Lemma 3.1 and Lemma 3.4, for any M P TK, we know that pdApMq ă 8 if and
only if pdBpHomApT,Mqq ă 8. Hence, for an A-module A in T
K, M is partial
tilting if and only if HomApT,Mq is a tilting B-module belonging to
KpDBT q. This
completes the proof. l
4 T -contravariantly finite subcategories
Let T be a tilting A-module and B “ EndApT q. In this section, we prove that
there is a one-one correspondence between basic T -tilting A-modules in TK and
the T -contravariantly finite T -resolving subcategories in T ă8pT q.
Lemma 4.1 Let T be a tilting A-module and B “ EndApT q. Then HomApT,´q
and ´ bB T induce a one-one correspondence between the T -contravariantly finite
subcategories of TK and contravariantly finite subcategories of KpDBT q.
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Proof Let U be a T -contravariantly finite subcategory in TK. Then HomApT,Uq “
tHomApT, Uq | U P Uu is a subcategory of
KpDBT q.
For any Y “ HomApT,Mq P
KpDBT q with M P T
K, since U is contravariantly
finite in TK, there exists an A-module UM P U and fM P HomApUM ,Mq such that
HomApU, fMq : HomApU, UMq Ñ HomApU,Mq is surjective for any U P U . Hence
VY “ HomApT, UMq P HomApT,Uq, gY “ HomApT, fMq P HomBpVY , Y q. For any
V “ HomApT, Uq P HomApT,Uq, we have the following commutative diagram:
HomBpHomApT, Uq,HomApT, UMqq
HomBpV,gY q

t1 // HomApU, UMq
HomApU,fM q

HomBpHomApT, Uq,HomApT,Mqq t2
// HomApU,Mq
where t1 and t2 are isomorphisms. HomApU, fMq is surjective and this implies that
HomBpV, gY q is surjective. Thus HomApT,Uq is contravariantly finite in
KpDBT q.
Similarly, one can prove that if V is a contravariantly finite subcategory in
KpDBT q, then V bB T is a T -contravariantly finite subcategory in T
K. This com-
pletes the proof. l
Lemma 4.2 Let T be a tilting A-module and B “ EndApT q. Then HomApT,´q
and ´ bB T give a one-one correspondence between the T -resolving subcategories
of TK and the resolving subcategories of KpDBT q.
Proof Let U be a T -resolving subcategory of TK. Then addB “ add pHomApT, T qq Ď
HomApT,Uq, and HomApT,Uq contains all indecomposable projective leftB-modules.
Suppose 0 Ñ V1 Ñ V2 Ñ V3 Ñ 0 is an exact sequence of B-modules with
V1, V3 P HomApT,Uq Ď
KpDBT q, then V2 P
KpDBT q since
KpDBT q is closed under
extension. According to Lemma 2.6, there exist U1, U3 P U , U2 P T
K such that Vi “
HomApT, Uiq, Ui “ Vi bB T pi “ 1, 2, 3q. Since DTor1pV3, T q – Ext
1
BpV3, DBT q “ 0,
applying the functor ´ bB T to the exact sequence 0 Ñ V1 Ñ V2 Ñ V3 Ñ 0, we
obtain an exact sequence 0Ñ V1 bB T Ñ V2 bB T Ñ V3bB T Ñ 0, hence we have
an exact sequence 0 Ñ U1 Ñ U2 Ñ U3 Ñ 0 in T
K. Since U is T -resolving in TK,
U1 and U3 P U , we know that U2 P U , and V2 “ HomApT, U2q P HomApT,Uq, i.e.,
HomApT,Uq is closed under extension.
16
Similarly, one can prove that HomApT,Uq is closed under the kernel of epimor-
phism. Hence HomApT,Uq is a resolving subcategory of
KpDBT q.
On the other hand, by using the same method, we can prove that if V is a
resolving subcategory of KpDBT q, then V bB T is a T -resolving subcategory in T
K.
The proof is completed. l
Summarizing Lemma 4.1 and Lemma 4.2, we have the following.
Theorem 4.3 Let T be a tilting A-module and B “ EndAT . Then there is
a one-one correspondence between the T -contravariantly finite T -resolving subcate-
gories of TK and the contravariantly finite resolving subcategories in KpDBT q.
Let T be a tilting A-module and B “ EndAT . According to Lemma 2.7, there is
a one-one correspondence between the equivalence classes of basic tilting B-modules
and contravariantly finite subcategories of mod-B. Since KpDBT q is a resolving
and contravariantly finite subcategory of mod-B, restricting the above one-one
correspondence on the subcategory KpDBT q also yields the following lemma.
Lemma 4.4 Let T be a tilting A-module and B “ EndAT . Let M P
KpDBT q.
Then M Ñ­addM and X Ñ X X XK give a one-one correspondence between the
equivalence classes of basic tilting B-modules in KpDBT q and the resolving con-
travariantly finite subcategories belonging to X Ď Pă8pmodBq X KpDBT q.
Lemma 4.5 Let T be a tilting A-module, B “ EndAT , and X be a subcategory
of KpDBT q. Then we have following:
(1) qX bB T “ ­X bB T X TK.
(2) pXKXKpDBT qq bB T “ pX bB T q
K X TK.
Proof (1) Let M bB T P qX bB T with M P qX . Then there is an exact
sequence:
0Ñ M Ñ X0
f0ÝÑ X1 ¨ ¨ ¨
fn´1
ÝÝÝÑ Xn Ñ 0 with Xi P X .
Let Ki “ kerfi and M “ kerf0 “ K0. Since
KpDBT q is resolving in mod-B
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and X ĎKpDBT q, we have that Ki P
KpDBT q and M “ K0 P
KpDBT q, hence
M bB T P T
K. Note that DTor1pKi,B T q – Ext
1
BpKi, DBT q “ 0, applying the
functor ´bB T on the above sequence, we obtain an exact sequence:
0ÑM bB T Ñ X0 bB T Ñ X1 bB T ¨ ¨ ¨ Ñ Xn bB T Ñ 0,
it follows that M bB T P ­X bB T , hence M bB T P ­X bB T X TK.
On the other hand, for any N P ­X bB T X TK, there exists an exact sequence
0Ñ N Ñ Y0 b BT Ñ Y1 b BT ¨ ¨ ¨ Ñ Ym b BT Ñ 0
with Yi P X . Applying the functor HomApT,´q, by using Lemma 2.6 and N P T
K,
we have an exact sequence 0 Ñ HomApT,Nq Ñ Y0 Ñ Y1 ¨ ¨ ¨ Ñ Ym Ñ 0. Hence
HomApT,Nq P qX , and N “ HomApT,Nq b BT P qX bB T .
(2) Let M bB T P pX
KXKpDBT qq bB T with M P X
KXKpDBT q. According to
Lemma 2.5 (2), for any XbBT P XbBT with X P X , we have Ext
i
ApXbBT,MbB
T q – ExtiBpX,Mq “ 0, hence M bB T P pX bB T q
K. Note that M PK pDBT q, thus
M bB T P T
K, hence M bB T P pX bB T q
K X TK.
On the other hand, let N P pX bB T q
KXTK. Then HomApT,Nq P
KpDBT q. For
every X P X , by using Lemma 2.5 (2) again, we have
ExtiBpX,HomApT,Nqq » Ext
i
ApXbBT,HomApT,NqbBT q » Ext
i
ApXbBT,Nq “ 0.
It follows that HomApT,Nq P X
K and HomApT,Nq P X
KXKpDBT q, Hence N “
HomApT,Nq bB T P pX
K X KpDBT qq bB T . The proof is completed. l
Let T be a tilting A-module, and let L and L
1
are T -tilting modules. We say L
and L
1
are equivalent if addL “ addL
1
.
Theorem 4.6 Let T be a tilting A-module. Then for any L P TK, addL Ñ
~addL X TK and U Ñ U X UK give a one-one correspondence between equivalence
class of basic T -tilting A-modules in TK and the T -contravariantly finite T -resolving
subcategories U of TK which is contained in T ă8pT q.
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Proof For anyX P TK and Y PKpDBT q, it is easy to see that HomApT, addXq “
addHomApT,Xq, paddY q bB T “ addpY bB T q. According to Lemma 3.1 and
Lemma 2.6, we have T-pdX “pdBpHomApT,Xqq and HomApT, T
ă8pT qq “ Pă8pmodBqX
KpDBT q.
(1) Let L be a basic T -tilting A-module in TK. Then by Theorem 3.2, Y “
HomApT, Lq P
KpDBT q is a basic tilting B-module. By Lemma 4.4, we know
that­addY is contravariantly finite in mod-B, which is contained in Pă8pmodBqX
KpDBT q. Applying the functor ´bBT on­addY , and using Lemma 4.4 and Lemma
4.5, we know that­addY bBT “~addLXTK is a T -contravariantly finite T -resolving
subcategory of TK which is contained in T ă8pT q.
(2) Let U be a T -contravariantly finite T -resolving subcategory of TK and
U Ď T ă8pT q. Then HomApT,Uq Ď P
ă8pmodBq X KpDBT q. According to Lemma
4.1 and Lemma 4.2, we know that HomApT,Uq is a contravariantly finite resolving
subcategory, which is contained in KpDBT q. By using Lemma 4.4, there exists a
tilting B-module M PK pDBT q such that HomApT,Uq X pHomApT,Uqq
K “ addM ,
hence HomApT,Uq X ppHomApT,Uqq
KX KpDBT qq “ addM . Applying the functor
´ bB T and using Lemma 4.5, we have U X pU
K X TKq “ addpM bB T q, thus
U X UK “ addpM bB T q, since U is a subcategory of T
K. According to Theorem
3.2, M bB T is a T -tilting A-module in T
K.
(3) Now we show that addL Ñ ~addL X TK and U Ñ U X UK are a pair of
converse functors.
Let L be a basic T -tilting A-module. Then Y “ HomApT, Lq P
KpDBT q is a
basic tilting B-module. According to Lemma 4.4, we have that­addY Xp­addY qK “
addY and addY “­addY X p­addY qK XK pDBT q. Applying the the functor ´bB T
and using Lemma 4.5, we have
addL “ p~addLX TKq X p~addLX TKqK X TK “ p~addLX TKq X p~addLX TKqK.
On the other hand, let U be a T -contravariantly finite T -resolving subcategory
and U Ď T ă8pT q. By Lemma 4.2, V “ HomApT,Uq is a contravariantly finite
resolving subcategory, which is contained in Pă8pmodBq X KpDBT q. By using
Lemma 4.4, we have ­V X VK “ V. Applying the functor ´bB T on the both side
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and using Lemma 4.5, we have U “ ­U X UK X TK. The proof is finished. l
Combining Theorem 3.5 and Theorem 4.6, we obtain the following result, which
seems to have independent interests.
Theorem 4.7 Let A be either a 1-Gorenstein algebra or a m-replicated algebra
over a hereditary algebra, and T be a tilting A-module. Then there is a one-one
correspondence between the equivalence classes of basic tilting A-modules in TK and
the T -contravariantly finite T -resolving subcategories contained in T ă8pT q.
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